There exists a large number of experimental and theoretical results supporting the picture of macroscopic qubits implemented by nanoscopic Josephson junctions of three different types -charge qubit, flux qubit and phase qubit. The standard unified description of such systems is based on the formal quantization of the phenomenological Kirchhoff equations for the corresponding circuits. In this paper a simplified version of the BCS theory for superconductors is used to derive microscopic models for all types of small Josephson junctions. For these models the state-dependent individual tunneling of Cooper pairs couples ground pair states with excited pair states what leads to a more complicated structure of the lowest lying energy levels. In particular, the highly degenerate levels emerge, which act as probability sinks for the qubit. These models allow also for the coupling to phonons as an efficient mechanism of relaxation for all types of junctions. The alternative formulas concerning basic spectral parameters of superconducting qubits are presented and compared with the experimental data. Finally, the question whether small Josephson junctions can be treated as macroscopic quantum systems is briefly discussed. 
I. INTRODUCTION
In the last decade remarkable experiments were performed involving measurements and manipulations of states for a single or several nanoscopic Josephson junctions (JJ) which were consistently interpreted in terms of two level quantum systems [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . The main assumption in the theoretical analysis is that such a many-body mesoscopic system can be effectively treated as a quantum system of a single degree of freedom typically described by a large spin or nonlinear oscillator model. The standard construction of the quantum Hamiltonian for different types of JJs is based on the formal quantization of the Kirchhoff equation for the corresponding macroscopic circuit 1 . Another approach uses an effective picture of Bose-Einstein condensate which represents Cooper pairs at low temperatures 13 . More fundamental derivations based on path-integral techniques lead to essentially equivalent models as well 14, 15 . The simple representative of this class of single degree of freedom models is the following Josephson Hamiltonian describing the effects of Coulomb repulsion and tunneling for a Cooper pair box (CPB)
Here,Ĵ k , k = 1, 2, 3, are spin operators for the spin-j such that the number of Cooper pairs at equilibrium is close to j, E C is the charging energy, E J is the Josephson energy characterizing the tunneling magnitude, and n g is a control parameter.
The obtained nonlinear Hamiltonians yield the structure of two lowest energy levels which at the low enough temperatures can be separated from the others to form an effective macroscopic qubit. In particular for the Hamiltonian (1) and under the condition E C ≫ E J these states are approximatively spanned by the eigenstates |m 0 and |m 0 + 1 of the operatorĴ 3 with m 0 ≤ n g ≤ m 0 + 1.
The main problem with such models is the presence of a typically strong and collective coupling to an environment. Namely, it is expected that the observed states should be rather well-localized semiclassical ones (like coherent states for the model (1)), which seem to be the only relatively stable with respect to external noise 17 . However, the semiclassical states for a model of small JJs are characterized by large charge fluctuations which are not observed in the experiments with CPBs . Therefore, either environmental decoherence producing semiclassical states does not work for Josephson qubits at the typical time scale of the experiments or the standard single degree of freedom model is not correct. The first alternative seems to be unlikely because the semiclassical character of observed states is confirmed in the recent experiments on atomic Bose-Einstein condensate (BEC) in a double-well potential 18 . Although this is a physically different system its mathematical description is the same as for the standard model of a CPB and given by the Hamiltonian of the form (1) . Therefore, we follow the second possibility and propose an essentially modified theoretical description of small JJs.
In Sec. II two basic approximations for the Bardeen-Cooper-Schrieffer (BCS) Hamiltonian: Bogoliubov-Valatin model Hamiltonian and the collective spin models are discussed. It is argued, that with the specific choice of model parameters different from the standard ones but consistent with phenomenology of superconductivity, the collective spin model better describes physics of small superconducting devices. In particular, this model predicts the existence of specific excitations called excited pairs which can be produced by the individual tunneling or scattering from the ground pair states. One should stress, that usually excited pairs are not considered in the literature on JJs, in contrast to the single electron/hole quasi-particles. Moreover, in the standard derivation the collective character of scattering/tunneling is also assumed.
In Sec. III this new picture is applied to CPB, in Sec. IV to flux qubit (FQ ), and in Sec. V to current biased junction (CBJ). The main feature is the appearance of the additional energy levels, among them highly degenerate ones. This level structure essentially modifies the qubit picture of small JJs and the dynamics of their relaxation. Section VI is devoted to the comparison of predictions of the presented unifying microscopic model with experimental data for all types of superconducting qubits. The advantage of the presented theory is that the approximative formulas for the qubit frequencies contain less free parameters than the standard ones but nevertheless agree with the data.
II. BCS MODEL AND ITS APPROXIMATIONS
The simplest version of the Hamiltonian that incorporates pairing interaction and reproduces not only the basic phenomenology of superconductivity 19 but is successfully applicable to small superconducting grains 20 is the followinĝ
Here we denote by |k, ± a single electron basis of pairs of time-reversed states enumerated by a discrete index k = 1, 2, . . . , K and byĉ k± ,ĉ † k± the associated set of fermionic annihilation and creation operators. Those single electron states correspond to eigenstates with the single electron energy levels ǫ k within a cut-off ω cut around the Fermi energy ǫ F . The coupling constant g > 0 has here a dimension of energy 21 . Although there exists a remarkable exact solution for this Hamiltonian 22 it is too complicated for our purposes. In the following we briefly discuss and compare two well known approximative schemes.
A. Bogoliubov-Valatin model Hamiltonian
The basic idea of this approach is to replace the Hamiltonian (2) containing four-body interaction (4) by a two-body (mean-field) oneĤ
with the gap parameter ∆ determined using a self-consistent averaging
In particular one can put the model Hamiltonian (5) into the expression for the thermal average to obtain the value of ∆ as the solution of the gap equation. It can be done because the Hamiltonian (5) can be transformed to the form of the Bogoliubov-Valatin free Hamiltonian for the quasi-particleŝ
where 
Only the first relation has been tested in many experiments and found to be reasonable while the second one strongly depends on the unknown parameter ω cut . As shown already by Thirring and Wehrl 23,24 the predictions based on the model Hamiltonian (7) become exact only in the thermodynamic limit for the grand canonical ensemble when the fluctuation terms of the order √ K become negligible in comparison to the bulk terms proportional to K. Therefore, one cannot expect that this model gives precise structure of few lowest lying energy levels in the case of mesoscopic samples with essentially fixed number of Cooper pairs.
B. The choice of parameters
In the modern literature one usually identifies the cut-off frequency ω cut with the Debye frequency
In the original BCS paper 26 the choice ω cut ≃ k B T c was suggested what implied that all relevant energy parameters of the model could be of the same order of magnitude
The choice of ω cut determines important, although not directly measurable, quantities. The first one is the actual magnitude of the coupling constant g. The second one is the number of Cooper pairs in the sample at zero temperature, given by the formula K/2 = ω cut N (0) where N (0) is the density of electronic states at the Fermi surface (spin is not counted). Hence the first choice (9) yields this number larger by two orders of magnitude than the second one (10) . The are few heuristic arguments in favor of the choice (11):
1. It implies that there is a single energy scale determining the superconducting phenomena given by the magnitude of the electron-phonon coupling, while the choice (10) involves two quite different energy scales (
In a general case of particle interaction mediated by bosons the cut-off in boson momentum p cut influences the magnitude of interaction for interparticle distances d ≤ /p cut . In the case of phonons this yields the distances d ≤ a (a is the lattice constant). On the other hand, the "size" of a Cooper pair is at least two orders of magnitude larger than a and hence the Debye cut-off should not enter the effective interaction between Cooper pairs in the BCS Hamiltonian (4).
2. For a normal state of a metal the approximative number of thermally excited electrons is ∼ k B T N (0) while the others are "frozen in a Dirac sea". When the temperature decreases to the critical value T c , it is plausible to expect that only the ∼ k B T c N (0) excited electrons begin to form Cooper pairs and the others remain "frozen". Finally, when the temperature approaches zero all of them recombine into Cooper pairs. Hence, the number of Cooper pairs at zero temperature given by K/2 should be rather of the order of k B T c N (0) than ω D N (0).
C. Collective spin model of superconductor
In order to produce a simple, exactly solvable model Anderson 27 and independently Wada et al. 28 considered a simplification of the Hamiltonian (2) neglecting the kinetic energy termĤ 0 .
Introducing the pair operatorsb k =ĉ k−ĉk+ andb † k = c † k+ĉ † k− one can treat the system as hard-core bosons or equivalently as a system of K spins-1/2 with spin operatorsŝ
Defining the collective spin operatorsĴ = (Ĵ x ,Ĵ y ,Ĵ z ) andĴ α = kŝ α k one can write the Hamiltonianŝ
which are equivalent to the Hamiltonians (2-4) only on the states not including excitations in the form of unpaired electrons. In the following we assume that ǫ k ≃ ǫ F and useĤ red (13), called strong coupling limit Hamiltonian, as the approximative Hamiltonian of the system. The K-spins Hilbert space can be decomposed into subspaces corresponding to irreducible representations of SU (2) of the dimension 2j + 1 and multiplicity r j represented by the suitable Young frames
One can use as eigenvectors ofĤ red the orthonormal basis |j, m; r
where r = 1, 2, . . . , r j , to obtain the corresponding eigenvalues ofĤ red
For a fixed total number of Cooper pairs N = K/2 + m and hence fixed m the single ground state is given by a nondegenerate eigenvector |K/2, m . The highly degenerate states with j = K/2 − p, p = 1, 2, . . ., describe p excitations called excited pairs in the original BCS paper 26 . They are still composed of Cooper pairs but their wave functions possess different symmetry with respect to permutations of pairs (ground state is completely symmetric) given by the corresponding Young tables. This simplified model with an additional structure which takes into account single electron excitations has been studied at finite temperatures 19 .
D. Validity of the collective spin model
In the following we argue that for the mesoscopic samples the structure of the lowest lying levels is reasonably well-described by the Hamiltonian (13) with the kinetic partĤ 0 treated as a "small" perturbation ofĤ red . This is consistent with the choice (11) and implies the relatively low number of Cooper pairs
In the case of a small electrode, when the Coulomb repulsion should be included, the dominating part of the Hamiltonian readsĤ
Here E C = 2e 2 /C is the charging energy related to the capacitance C, and the parameterm, |m| ≪ K, determines the average excess number of Cooper pairs in the system. In the case of relatively large system, i.e., for E C ≪ g, the lowest lying states are of the form |K/2, m with |m −m| ≪ K. Therefore, the relevant Hilbert space can be represented by a highest spin Hilbert space of the dimension K + 1 and the Hamiltonian has the same form as (17) with the collective operators restricted to this subspace. The highest spin Hilbert space is invariant under the action of collective operators {Ĵ α , α = x, y, z}. The same holds if the external action on the system is described by the Hamiltonian being a function of {Ĵ α } what leads to a large spin model of a mesoscopic JJ. This model is essentially equivalent to all single-degree of freedom models of CPB used in the literature 16 . However, for E C ≥ g or/and non-collective interactions with an environment the states with j < K/2 containing excited pairs become important.
For the illustration consider the ground state and the lowest excited levels of the Hamiltonian (17) with E C ≫ g, the even value of K andm = 0. The ground state has form |K/2, 0 with the energy −g(K/4 + 1/2) and the first excited state is (K − 1)-fold degenerate |K/2 − 1, 0; r , r = 2, . . . , K, with the energy −g(K/4 − 1/2) and hence separated from the ground one by the energy gap g. The Young tables corresponding to the ground state (upper one) and to the first excited states labeled by b = 2, 3, ..., K (lower one) are as follows
To describe the excitations in the form of unpaired electrons one has to build a more complicated Hilbert space being a direct sum of the Hilbert spaces C . Here K ′ = K − 2p corresponds to the different sets of electronic states |k, ± with p pairs excluded by the Pauli blocking effect 20 . This extended model has been analyzed at finite temperatures 19 and the main predictions can be summarized as
In the following we assume also that
what is consistent with the BCS prediction (9) The numerical values of the important measurable relations obtained from the collective spin model differ slightly from the BCS values. These deviations are due to neglecting the kinetic energy term which, even in the regime (11) , is still comparable to the pairing energy. Nevertheless, the collective spin model possesses certain features which seem to reproduce better the physics of small superconductors at the temperatures much below the critical one and coupled to external fields. First of all the eigenstates of the Hamiltonian (17) are also eigenvectors of the electric charge operator which is a well-controlled observable for small electrodes. Moreover, in contrast to the Bogoliubov-Valatin model Hamiltonian, here the states containing excited pairs are manifestly separated from the states containing unpaired electrons, not by the energy difference, but by a certain selection rule. Indeed, the Cooper pair states are invariant with respect to time reversal operation while the states containing unpaired electrons are not. Similarly, the collective spin Hilbert space is invariant with respect to all Hamiltonian perturbations depending on Cooper pair ("spin") operatorsŝ α k only. Among them there are:
1. Kinetic energy term (13), 2. "Local" electric potentials of the formÛ
3. Cooper pair tunneling Hamiltonian from/to an external reservoir given bŷ
4. Scattering of Cooper pairs or tunneling through an internal junction, governed bŷ
Therefore, at low temperature regime when the number of thermally excited unpaired electrons is negligible, and under the assumption (11) the physically relevant states of a small superconductor can be well approximated by the low energy sector of the considered collective spin model.
III. COOPER PAIR BOX
A Cooper pair box called "charge qubit" is a circuit consisting of a small superconducting island with a small capacitance C connected via Josephson junction to a large superconducting reservoir. The Hamiltonian of the isolated small electrode has form (17) with the charging energy E C comparable to kT c and hence by (19) to g. Notice that for a typical CPB our assumption (11) gives K ≃ 10 4 while the standard one (10) yields K ≃ 10 6 . In the following we restrict ourselves to the energy levels corresponding to the two highest eigenvalues ofĴ 2 given by j(j + 1) with j = K/2 and j = K/2 − 1. The corresponding eigenvectors and eigenvalues have the following form: the nondegenerate level |K/2, m with the energy
and the (K − 1)-degenerate level |K/2 − 1, m; r , r = 2, . . . , K, with the energy 
where s, r = 2, . . . , K and
A. The effective Hamiltonian of CPB
One should now include the coherent tunneling process through the junction between a small island and a large superconducting grounded electrode given by (22) and treated as a small perturbation of (17) . Introducing the total amplitude β = K k=1 β k one can decompose the tunneling Hamiltonian into collective and individual partŝ
The collective partT 
one can consider a simple toy model with
what implies for a generic λ that E 
Since the states |K/2, m are totally symmetric the matrix elements 1|ŝ
. . , K) are equal to a constant independent of the index k and it is easy to show that 1|T i red |0 = 0. We can write down the full effective Hamiltonian of the CPB including (17) and (31) To a large extend both "subsystems" can be treated separately and completely analogically. Therefore, in the following we restrict ourselves to the first one with the Hamiltonian (comp. (26))
Here
with ξ r = 2η r /E J . The parameter E J is the Josephson energy describing the transition rate from |0 to the state given by a normalized vector |ξ . The value of E J can be controlled by external magnetic field and typically E J < E C . Introducing two vectors |±
where θ is defined by cos θ = E(n g )/ E(n g ) 2 + E 2 J , and the qubit observableŝ
we obtain from (33) a new form of the Hamiltonian
with two eigenvectors |+ and |− separated by the energy difference
and the third (K − 2)-fold degenerate level corresponding toP 0 with the energy E(n g )/2. This third level lies always between |+ and |− as −ω/2 ≤ E(n g )/2 ≤ ω/2. The relevant energy levels as functions of n g are showed in Fig. 2 . The external control is performed by changing n g and applying a microwave radiation. Obviously, if the system is completely isolated the qubit space spanned by |+ and |− is invariant with respect to the Hamiltonian and the external control yielding the usual model of charge qubit. The third, (K − 2)-fold degenerate, energy level corresponding toP 0 and the lowest energy levels of the second subsystem become important when the coupling to an environment is taken into account.
IV. FLUX QUBIT
A flux qubit (FQ) is a small superconducting ring interrupted by one or several Josephson junctions. The main difference between this system and the CPB is the existence of the additional quantum number µ which accounts for the quantized circular motion of the Cooper pair as a whole. Consider first a collective spin model of such a ring without junction treated as a system of K × (2µ max + 1) spins-1/2 with spin operatorsŝ and cyclic permutations of x, y and z. Here, the index k = 1, 2, ...K/2 corresponds to the internal quantum numbers characterizing a Cooper pair in its center of motion reference frame. The second quantum number µ = 0, ±1, ±2, ..., ±µ max labels quantized circular states for the Cooper pairs center of motion with respect to the center of the ring. The maximal accessible value of |µ| is a consequence of the maximal critical current I 0 which can flow in the ring at zero temperature. This effect can be described by µ-dependence of the coupling constant g µ due to the fact that the states with a nonzero angular momenta generate current I proportional to |µ| which modifies the gap according to the formula
To justify (41) one should notice that −g/2 is the pairing energy of a single Cooper pair in the center of mass reference frame. When the Cooper pair moves with a velocity v, producing a current density I ∼ v, its energy increases to −g/2 + const × I 2 ≡ −g(I)/2 due to its kinetic energy and the energy of the created magnetic field. When the current density reaches the value I 0 , such that the effective pairing energy g(I 0 ) = 0, it is favorable for the system to relax from the superconducting state with a current I 0 to a normal state with zero current and higher entropy.
Defining again the collective spin operatorsĴ µ = (Ĵ
and Cooper pair number operatorsN
one can write the strong coupling limit BCS Hamiltonian for a ring aŝ
The first term in the Hamiltonian (45) is the standard mean-field BCS pairing Hamiltonian. The second term is also of the mean-field type what is the reasonable approximation for the rings with a thickness not larger than the penetration depth for a magnetic field (typically ∼ 100 nm). In these cases we can ignore spatial variations of the current and derive (45) using the macroscopic relation between the current density j and the vector potential A in a superconductor
and the energy of the current in a magnetic field
Here N is a density of superconducting electrons, m is an electron mass and A = |A| is assumed constant along the loop. Using now the quantization condition for the magnetic flux that threads the loop of the length ℓ
where Φ 0 = h/2e, one obtains the quantized energy
Replacing F by the flux operatorF = µ µN µ and adding a shift µ ext = Φ ext /Φ 0 caused by the external magnetic flux Φ ext one obtains the second term in (45) with the inductive energy given by
The above choice of flux operator is consistent with the Onsager hypothesis that the flux generated by the circulating charge 2e is quantized in the units of Φ 0 31 . Notice that we neglect here the Coulomb repulsion term as the charging energy E C is much smaller than for the CPB and the number of Cooper pairs in the system is fixed.
The physical Hilbert space is spanned by the joint eigenvectorŝ
with the multiplicity r µ and satisfying the condition
which determines the total number of Cooper pairs in the system.
A. Ground state and lowest excitations
Consider first the case µ ext = 0. The unique ground state of the Hamiltonian (45) can be obtained by minimizing the energy given by the first term. Indeed, due to the symmetry g µ = g −µ the contribution from the second term automatically vanishes for such minimizers. One can easily show that the ground state has a product structure
whereñ µ ≃ K 2 p µ and the ocupation probabilities p µ minimize the functional µ g µ (p 2 µ − 2p µ ). The numerically obtained shape of the probability distribution p µ is presented in Fig. 3 .
The spectral decomposition of the Hamiltonian (45) is very rich and contains different types of manifolds of the lowest lying excited states. The first type is obtained by the creation of a single excited pair without changing the zero magnetic flux of the ground state, the second one is spanned by the vectors with the flux quantum number F = ±1 and the third corresponds to both types of excitations. The external magnetic flux Φ ext = µ ext Φ 0 , µ ext ≃ 1/2, shrinks the gap between the ground state and the states with F = 1 what is necessary to separate two qubit states from the rest. On the other hand, similarly to the case of CPB individual tunneling processes create excited pairs. Therefore, to construct a proper model of FQ we need only the third type of excited states (flux F = 1 and one excited pair) represented by the vectors
with ν = −µ max , −µ max + 1, ..., µ max and r = 2, 3, ..., K.
B. The FQ Hamiltonian
For small rings the condition E L ≫ g holds and therefore, in order to produce a qubit, we have to switch on the external magnetic flux Φ ext ≃ Φ 0 /2, (µ ext ≃ 1/2). Then the gap between the ground state and the states (54) is given by The presence of the junction(s) can be modeled by the generalization of the Hamiltonian (23)
where T [k, µ|l, ν] is a hermitian matrix of scattering amplitudes. Again, similarly to the CPB case, the collective scattering processes which preserve quantum numbers j µ can be neglected in comparison with the individual scattering changing j µ . Therefore, the relevant matrix elements of the perturbation (56) are the following ν; r|Ĥ s |0 = η νr .
Similarly, to the CPB case we can write the effective Hamiltonian of the first qubit (the second one is initialized by decreasing µ ext to 1/2) in the lowest order perturbation and projected on the the 2-dimensional qubit spacê
In the above we omit the part of the Hamiltonian which describes the "sink states" decoupled from the qubit states. Again we observe the structure of levels qualitatively the same as for the CPB (see Fig. 2 ) with characteristic qubit level repulsion caused by a tunneling. The final form of the FQ Hamiltonian reads (compare with (38-39))
The qubit is controlled by changing the external fluxμ ext Φ 0 and applying microwave radiation.
V. CURRENT-BIASED JUNCTION
This type of JJ, denoted by CBJ, consists of larger superconducting electrodes than in the CPB device what implies that the Coulomb energy E C is much smaller than the gap parameter g. The electrodes are connected to a current source which produces a constant but tunable current I. We propose a microscopic model of CBJ using again the reduced BCS Hamiltonian (13) and emphasizing the role of excited Cooper pairs. In the first approximation we treat the system as a closed superconducting circuit with a low value of E L which can support a steady current I and the junction acting as a perturbation -a scattering center. The starting point is the effective unperturbed Hamiltonian similar to (45) under the assumption that E L ≪ g(I) (see (41)). The charging energy (neglected in (45)) is also small (E C ≪ g(I)) and the number of Cooper pairs is not fixed what implies that both quantum numbers µ and n µ correspond to certain essentially classical degrees of freedom. The collective coupling of these degrees of freedom to an environment produces, by mechanisms mentioned in Sec. I, semiclassical coherent-like states determined by the external conditions. Therefore, the ground state of the system can be written as (compare the structure of eigenvectors (51))
where the probability amplitudes φ I (µ) and ψ K (n) display normal fluctuations around mean values µ I ∼ I and K/2, respectively. In order to construct the lowest excited states we apply a kind of adiabatic approximation fixing the semi-classical degrees of freedom and changing the only quantum one related to a number of excited pairs p. Then the structure of strongly degenerate excited states is the following
where p ≪ K and r p describes degeneracy. Remark: The derivation of above is valid for a single JJ in the phase qubit regime. If the device is designed as a loop, the loops inductive energy should be taken into account. The additional quantized energy produces different initial flux states replacing the ground state (64). They yield the different critical currents as the internal loop current adds to the external biased one. Therefore, the initialization of the proper flux state must be done before the device can be used as a qubit 32 . Similarly to CPB and FQ we consider a qubit model including only the ground state |0 and the (K − 1)-degenerate first excited states |r; 1 separated by the energy gap g(I). Again the junction acts as a scattering center given by the Hamiltonian (56) which couples the ground and excited states as in (57). Repeating the analogical construction we obtain the following qubit HamiltonianĤ
where
The two eigenvectors |+ and |− of (66) are separated by the energy difference ω(I) an the third (K − 2)-fold degenerate level with the energy g(I)/2 corresponds toP 0 . This third level lies always between |+ and |− , as −ω/2 ≤ g/2 ≤ ω/2 (Fig. 4) . Similarly to the previous cases the external control is performed by tunning the biased current and the coupling to microwave radiation.
VI. COMPARISON WITH STANDARD THEORY AND EXPERIMENTS
The main predictions of the proposed unified microscopic model of small JJs concern the structure and parametrization of their lowest energy levels. The comparison of our model with standard theories and experimental data is presented below for all three types of superconducting qubits. There are also another aspects of our approach related to dissipation/decoherence processes which will be discussed in the forthcoming paper.
A. Charge qubits
The Kirchhoff equation for the CPB is equivalent to the Hamilton equations obtained from the following classical Hamiltonian of a fictitious particle
Here the "position" x corresponds to the phase variable, p g ∼ n g is a control parameter and the "mass" is given by
The harmonic approximation around the potential minimum gives the value of the plasma frequency
which can be treated as a rough approximation to the qubit frequency 1 . More complicated formulas which take into account anharmonicity and involve E J as an additional parameter are also available. On the other hand our formula for the phase qubit frequency obtained by combining (41) with (67) and under the assumption g(I) ≫ E J reads
It is important that the formula (77) involves the microscopic parameter g while the standard expressions depend entirely of the macroscopic ones. Firstly, one can check roughly the magnitude of the predicted qubit frequencies ω(I). Typically, E J ≪ g ≃ 49 GHz for Al and g ≃ 388 GHz for Nb. In all experiments the biased current satisfies 0.85 ≤ I/I 0 ≤ 0.99 what leads, using (77) to a reasonable range of frequencies 0.98 GHz ≤ ω/2π ≤ 13.6 GHz for Al and 7.7 GHz ≤ ω/2π ≤ 108 GHz for Nb, respectively.
More detailed comparison is performed for the several examples from the literature. One should notice that comparing the experimental data with any theoretical curve describing ω(I) which depends on free parameters is difficult and inacurate because the range of the biased current variation is in all experiments a very small fraction of the whole interval [0, I 0 ] (see Fig. 5 ). One should remember that the measurements of the critical current are not very precise because this parameter can vary in time for the same sample. The positions of experimental values of ω(I) are also quite sensitive to the level repulsion phenomena caused by "parasite" two-level systems present in the environment and interacting with a qubit 32, 33 .
VII. CONCLUSIONS
The presented approach to superconducting qubits differs from the standard one by referring to the microscopic Hamiltonian being a simplified version of the BCS Hamiltonian and avoiding a detour via requantization of the macroscopic Kirchhoff's equations. As a consequence, in contrast to the standard results, the obtained formulas describing the energy spectra depend on the microscopic parameters. Our choice of the microscopic Hamiltonian implies also a nonstandard assumption about the cut-off energy scale of the BCS model. We follow the original approach where this energy is of the order of superconducting gap, while in the modern literature one chooses the Debye energy which is larger by two orders of magnitude. The computation of the number of superconducting electrons in the flux qubit device, based on the experimental data, strongly supports this choice. A number of experimental results concerning the energy spectra of different types of superconducting qubits is consistent with our model as well.
Another feature of our model is the importance of individual scattering/tunneling of excited Cooper pairs which differs from the standard picture of independent quasiparticles in the Bogoliubov-Valatin scheme. In particular the qubit states in our model are spanned by the ground state and the given single excited Cooper pair state. This is conceptually very different from the standard picture of macroscopic quantum systems but on the other hand solves the puzzle of missing environmental effects which should produce semiclassical behavior. Last but not least, the presented model allows new mechanisms of decoherence due to the excited Cooper pair coupling to phonons and existence of probability sinks. Those phenomena will be studied in the forthcoming paper.
